Abstract. We give a bounding of degree of quasi-smooth hypersurfaces which are invariant by a one dimensional holomorphic foliation of a given degree on a weighted projective space.
Introduction
Henri Poincaré studied in [12] the problem to decide if a holomorphic foliation F on the complex projective plane P 2 admits a rational first integral. Poincaré observed that in order to solve this problem is sufficient to find a bound for the degree of the generic curve invariant by F . In general, this is not possible, but doing some hypothesis we obtain an affirmative answer for this problem, which nowadays is known as Poincaré Problem. This problem was treated by D. Cerveau and A. Lins Neto [5] . M. Brunella in [2] observed that obstruction to the positive solution to Poincaré problem is given by the GSV index. There exist several works about Poincaré problem and its generalizations, see for instance the papers: M. Carnicer [4] , J. V. Pereira [11] , M . Brunella and L.G. Mendes [3] , E. Esteves and S. Kleiman [9] .
M. Soares in [13] proved the following Theorem for smooth hypersurfaces invariant by foliations on P n .
Theorem 1.1.
[13] Let F be a holomorphic one dimensional foliation on P n with isolated singularities. If V ⊂ P n is a smooth hypersurface invariant by F , then
In [6] M. Corrêa Jr and M. Soares studied the Poincaré problem for foliations on weighted projective planes. Theorem 1.2. Let F be a foliation on the weighted projective plane
In this work, we give a bounding of degree of quasi-smooth hypersurfaces which are invariant by a one dimensional holomorphic foliation of a given degree on a weighted projective space. Throughout this paper, P(ω) will denote the weighted projective space of dimension n ≥ 3 and weights (ω 0 , · · · , ω n ).
We prove the following theorem.
2.1. Q-line bundles on P(ω) and quasi-homogeneous hypersurface. Let 
We denote the quotient space induced by the action ζ (
is a line orbibundle on P(ω) and it can be considered as elements of the rational Picard group of P(ω), that is, as Q-line bundles. It is possible to show that the Q-Picard group is generated by O P(ω) (1), i.e.
Moreover, we have the identification
Thus, the global sections of O P(ω) (d/r) can be identify, in homogeneous coordinates, with quasi-homogeneous polynomials of degree equal to d/r.
Thus, a quasi-homogeneous hypersurface V on P(ω), of quasi-homogeneity degree d 0 , is given by V = {f = 0}, where f ∈ H 0 (P(ω), O P(ω) (d 0 )). We say that V = {f = 0} is quasi-smooth if its tangent cone {f = 0} on C n+1 − {0} is smooth.
2.2. Foliations on P(ω) and quasi-homogeneous vector fields. A singular holomorphic foliation on P(ω), of degree d, is given by an element of
On P(ω) we have an Euler sequence
where O P(ω) is the trivial line orbibundle and
is the tangent orbibundle of P(ω). The map ς is given explicitly by ς(1) = (ω 0 z 0 , . . . , ω n z n ) (see [13] ). Now, let X be a quasi-homogeneous vector field of type (ω 0 , . . . , ω n ) and degree
∂ ∂zi where each polynomial P i satisfies the "weighthomogeneous" relation
These vector fields descend well to P(ω). In fact, tensoring the Euler sequence by
It follows that a quasi-homogeneous vector field X induces a foliation F of P(ω) and that g R ω + X define the same foliation as X, where R ω is the adapted radial vector field
, with g a quasi-homogeneous polynomial of type (ω 0 , . . . , ω n ) and degree d − 1. Therefore, a quasi-homogeneous vector field of type (ω 0 , . . . , ω n ) and degree d on C n+1 induces a holomorphic foliation on P(ω) given by a global section of H 0 (P(ω), T P(ω) ⊗ O ω (d − 1)). We have the following condition on the degree of a foliation
In fact, by Bott's Formulae for weighted projective spaces (see [8] ), we have that
2.3. Orbifold Milnor numbers and Baum-Bott formula. Definition 2.1. Let M be a complex orbifold and F a singular holomorphic foliation on M . Let p ∈ M be and ( U , G p , ϕ) an orbifold chart U of p, the orbifold Minor number of F on p is the rational number
where µ p ( ξ ) is the milnor number of the local lift ξ on p of a the vector field ξ tangent to F on U /G p .
We will use the following Baum-Bott theorem for orbifolds due to M. Corrêa, A. M. Rodríguez, M. G. Soares [7] . Theorem 2.2. Let M be a compact complex orbifold, of dimension n, and F a singular holomorphic foliation on M induced by a global section of T M ⊗ L, with isolated singularities. Then
On Weighted projective spaces and quasi-homogeneous and quasi-smooth hypersurfaces we have the following.
where σ k (ω) denotes the k-th elementary symmetric function.
Corollary 2.4. Let V be a quasi-homogeneous and quasi-smooth hypersurface, of degree d 0 , invariant by a holomorphic foliations F of degree d. Then
where σ ℓ (ω) denotes the ℓ-th elementary symmetric function.
Proof of Theorem
We will prove that d 0 ≤ d−1+0.5437σ 1 (ω), where d 0 = deg(V ) and d = deg(F ). It follows from Corollary 2.4 that
Also, by Corollary 2.3, we have
Now, consider the polynomial Ψ(t) ∈ Z[t] defined by
and define Ω n (t) as
We claim that Ω n (t) = 0 for all t ≥ 0 and d ≫ 0. In order to prove that, for each m positive integer, we define
and Q m (t) = P m (t) − P m−1 (t)
where P 0 (t) := 1. Proof. The result is equivalent to prove that the polynomial
is positive for all t ≥ 0. Observe that F (0) = 2 and F (t) ≥ 4 for all t ≥ 1, then it is enough to prove that F (t) is positive in [0, 1]. Since 
Proof. Letω I be the tuple (ω 1 , . . . , ω n ) omitting the coordinates ω i 's with i ∈ I.
Observe that
Thus, we get that
Proof. : First, we consider the case when n is odd. We have that
where
On the other hand, by Lemma 3.2 and the hypothesis, we know that
It follows that
This last inequality follows from Lemma 3.1. Therefore Ω n (t) > σ n−1 (ω) for all t ≥ 0. In the case n even, similarly we obtain that
and by the previous argument, we have that each term of this sum is negative, therefore Ω n (t) < 0 for all t ≥ 0. Now, in order to finish the proof of Theorem,we have two case to consider:
3.1. n odd: It follows from Proposition 3.3 that Ψ ′ (t) = Ω n (t) > 0 for all t ∈ R + .
Then, Ψ is a increasing function and
We claim that
then, putting
where α = 0.5437 and using that σ 2k+1 (ω) < α · σ 2k (ω)σ 1 (ω) for each k ≥ 1, we have that
2 . Then, in order to conclude the proof, it is enough to prove that the last term is negative, or equivalently t
Since left side of this inequality grows faster than right size when n increases, it is enough to prove this inequality when n = 3. Now putting s = d − 1, σ = σ 1 (ω), and using that s ≥ σ, we have From here, the same argument of the case odd works.
